
Goodness of Estimators
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Learning Outcomes

• Cramér-Rao Inequality
• Relative Efficiency
• Consistency
• Sufficiency
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Cramér-Rao Inequality

Let 𝑓(𝑥1, … , 𝑥𝑛; 𝜃) be the joint PMF of PDF of
𝑋1, … , 𝑋𝑛 and 𝑇 = 𝑡(𝑋1, … , 𝑋𝑛) be an unbiased
estimator of 𝜃. Then

𝑉 𝑎𝑟(𝑇 ) ≥ 1
𝑛𝐼(𝜃)

If 𝑉 𝑎𝑟(𝑇 ) = 1
𝑛𝐼(𝜃) , then 𝑇 is considered an efficient

estimator of 𝜃.

3 / 17



Example

Let 𝑋1, … , 𝑋𝑛
𝑖𝑖𝑑∼ 𝑃𝑜𝑖𝑠(𝜆), show that 𝑋̄ is an

efficient estimator of 𝜆.
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Example

Let 𝑋1, … , 𝑋𝑛
𝑖𝑖𝑑∼ 𝑁(𝜇, 𝜎2), show that 𝑋̄ is an

efficient estimator of 𝜇.
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Relative Efficiency

Given 2 unbiased estimators ̂𝜃1 and ̂𝜃2 of a parameter 𝜃 ,
with variances 𝑉 ( ̂𝜃1) and 𝑉 ( ̂𝜃2), respectively, then the
efficiency of ̂𝜃1 relative to ̂𝜃2 is defined as

𝑟𝑒𝑙𝑒𝑓𝑓( ̂𝜃1, ̂𝜃2) =
̂𝜃1
̂𝜃2
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Example

Let 𝑋1, … , 𝑋𝑛 be a random sample from a population
with mean 𝜇 and variance 𝜎2 .

• ̂𝜇1 = (𝑋1 + 𝑋2)/2
• ̂𝜇2 = 𝑋1/4 + ∑𝑛−1

𝑖=2 𝑋𝑖
2(𝑛−2) + 𝑋𝑛/4

• ̂𝜇3 = 𝑋̄

Find the relative efficiency of ̂𝜇3 with respect to ̂𝜇1 and
̂𝜇2 .
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Consistency

Let 𝑋1, … , 𝑋𝑛 be a random sample from a distribution
with parameter 𝜃. The estimator ̂𝜃 is a consistent
estimator of the 𝜃 if

1. 𝐸{( ̂𝜃 − 𝜃)2} → 0 as 𝑛 → ∞
2. 𝑃(| ̂𝜃 − 𝜃| ≥ 𝜖) → 0 as 𝑛 → ∞ for every 𝜖 > 0
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Weak Law of Large Numbers

Let 𝑋1, … , 𝑋𝑛 be iid random variables with
𝐸(𝑋𝑖) = 𝜇 and 𝑉 𝑎𝑟(𝑋𝑖) = 𝜎2 < ∞. Let
𝑋̄𝑛 = 1

𝑛 ∑𝑛
𝑖=1 𝑋𝑖 , for every, 𝜖 > 0,

lim
𝑛→∞

𝑃(|𝑋̄ − 𝜇| < 𝜖) = 1

that is, 𝑋̄𝑛 converges in probability to 𝜇.
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Strong Law of Large Numbers

Let 𝑋1, … , 𝑋𝑛 be iid random variables with
𝐸(𝑋𝑖) = 𝜇 and 𝑉 𝑎𝑟(𝑋𝑖) = 𝜎2 < ∞. Let
𝑋̄𝑛 = 1

𝑛 ∑𝑛
𝑖=1 𝑋𝑖 , for every, 𝜖 > 0,

𝑃( lim
𝑛→∞

|𝑋̄ − 𝜇| < 𝜖) = 1

that is, 𝑋̄𝑛 converges almost surely to 𝜇.
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Sufficiency

Sufficiency evaluates whether a statistic (or estimator)
contains enough information of a parameter 𝜃. In
essence a statistic is considered sufficient to infer 𝜃 if it
provides enough information about 𝜃.
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Sufficiency

Let 𝑋1, … , 𝑋𝑛 be a random sample from a distribution
with parameter 𝜃. A statistic 𝑇 = 𝑡(𝑋1, … , 𝑋𝑛) is said
to be sufficient for making inferences of a parameter 𝜃 if
condition joint distribution of 𝑋1, … , 𝑋𝑛 given 𝑇 = 𝑡
does not depend on 𝜃.
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Joint Sufficient Statistics

Let 𝑋1, … , 𝑋𝑛 be a random sample from a distribution
with parameters 𝜃 = (𝜃1, … , 𝜃𝑚)T . A joint statistic
𝑇 = {𝑡1(𝑋1, … , 𝑋𝑛), … , 𝑡𝑘(𝑋1, … , 𝑋𝑛)}T is said
to be sufficient for making inferences on paramters 𝜃 if
condition joint distribution of 𝑋1, … , 𝑋𝑛 given 𝑇 = 𝑡
does not depend on 𝜃.
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Factorization Theorem

Let 𝑓(𝑥1, … , 𝑥𝑛; 𝜃) be the joint PMF of PDF of
𝑋1, … , 𝑋𝑛 . Then 𝑇 = 𝑡(𝑋1, … , 𝑋𝑛) is a sufficient
statistic for 𝜃 if and only if there exist 2 nonnegative
functions, 𝑔 and ℎ, such that

𝑓(𝑥1, … , 𝑥𝑛) = 𝑔{𝑡(𝑥1, … , 𝑥𝑛); 𝜃}ℎ(𝑥1, … , 𝑥𝑛).
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Minimum Sufficient Statistics

A minimum sufficient statistic is a sufficient statistic that
has the smallest dimensionality, which represents the
greatest possible reduction of the data without any
information loss.
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Example 1

Let 𝑋1, … , 𝑋𝑛
𝑖𝑖𝑑∼ 𝑃𝑜𝑖𝑠(𝜆), show that ∑𝑛

𝑖=1 𝑋𝑖 is a
sufficient statistic for 𝜆.
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Example 2

Let 𝑋1, … , 𝑋𝑛
𝑖𝑖𝑑∼ 𝑁(𝜇, 𝜎2), show that

(∑𝑛
𝑖=1 𝑋𝑖, ∑𝑛

𝑖=1 𝑋2
𝑖 )T is a sufficient statistic for 𝜇

and 𝜎2 .
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