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Expectations

Let 𝑋 = (𝑋1, 𝑋2, … , 𝑋𝑛)T be a set of random
variables, the expectation of a function 𝑔(𝑋) is defined
as

𝐸{𝑔(𝑋)} = ∑
𝑥1∈𝑋1

⋯ ∑
𝑥𝑛∈𝑋𝑛

𝑔(𝑋)𝑝(𝑥, 𝜃)

or

𝐸{𝑔(𝑋)} = ∫
𝑥1∈𝑋1

⋯ ∫
𝑥𝑛∈𝑋𝑛

𝑔(𝑋)𝑓(𝑥, 𝜃)𝑑𝑥𝑛 ⋯ 𝑑𝑥1
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Expected Value and Variance of Linear Functions

Let 𝑋1, … , 𝑋𝑛 and 𝑌1, … , 𝑌𝑚 be random variables
with 𝐸(𝑋𝑖) = 𝜇𝑖 and 𝐸(𝑌𝑗) = 𝜏𝑗 . Furthermore, let
𝑈 = ∑𝑛

𝑖=1 𝑎𝑖𝑋𝑖 and 𝑉 = ∑𝑚
𝑗=1 𝑏𝑗𝑌𝑗 where {𝑎𝑖}𝑛

𝑖=1
and {𝑏𝑗}𝑚

𝑗=1 are constants. We have the following
properties:

• 𝐸(𝑈) = ∑𝑛
𝑖=1 𝑎𝑖𝜇𝑖

• 𝑉 𝑎𝑟(𝑈) =
∑𝑛

𝑖=1 𝑎2
𝑖 𝑉 𝑎𝑟(𝑋𝑖) + 2∑ ∑

𝑖<𝑗
𝑎𝑖𝑎𝑗𝐶𝑜𝑣(𝑋𝑖, 𝑋𝑗)

• 𝐶𝑜𝑣(𝑈, 𝑉 ) = ∑𝑛
𝑖=1 ∑𝑚

𝑗=1 𝐶𝑜𝑣(𝑋𝑖, 𝑌𝑗)
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Conditional Expectations

Let 𝑋1 and 𝑋2 be two random variables, the conditional
expectation of 𝑔(𝑋1), given 𝑋2 = 𝑥2 , is defined as

𝐸{𝑔(𝑋1)|𝑋2 = 𝑥2} = ∑
𝑥1

𝑔(𝑥1)𝑝(𝑥1|𝑥2)

or

𝐸{𝑔(𝑋1)|𝑋2 = 𝑥2} = ∫
𝑥1

𝑔(𝑥1)𝑓(𝑥1|𝑥2)𝑑𝑥1.
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Conditional Expectations

Furthermore,

𝐸(𝑋1) = 𝐸𝑋2
{𝐸𝑋1|𝑋2

(𝑋1|𝑋2)}

and

𝑉 𝑎𝑟(𝑋1) = 𝐸𝑋2
{𝑉 𝑎𝑟𝑋1|𝑋2

(𝑋1|𝑋2)}+𝑉 𝑎𝑟𝑋2
{𝐸𝑋1|𝑋2

(𝑋1|𝑋2)}
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Sample

When collecting data to construct a sample, the sample is
a collection of random variables. Therefore, the sample
can be subjected to probability properties.
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iid Random Variables

A sample of random variables are said to be iid if they
are identical and independentally distributed.

For example, 𝑋 and 𝑌 are iid, if 𝑋 and 𝑌 has the same
distribution 𝑓(𝜃) and 𝑋 ⟂ 𝑌

7 / 25



Random Sample
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Statistics

A statistic is a transformation of the the sample data.
Before data is calculated, a statistic from a sample can
take any value. Therefore, a statistic must be a random
variable.
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Mean

Let 𝑋1, 𝑋2, … , 𝑋𝑛 be a random sample that is iid. The
mean is defined as:

𝑋̄ = 1
𝑛

𝑛
∑
𝑖=1

𝑋𝑖
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Variance

Let 𝑋1, 𝑋2, … , 𝑋𝑛 be a random sample that is iid. The
variance is defined as:

𝑠2 = 1
𝑛 − 1

𝑛

∑
𝑖=1

(𝑋𝑖 − 𝑋̄)2 = 1
𝑛 − 1

𝑛

∑
𝑖=1

𝑋𝑖 − 𝑛𝑋̄2
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Sampling Distributions

A sampling distribution is the distribution of a statistic.
Many known statistics have a known distribution.
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𝑋̄

Let 𝑋1, 𝑋2, … , 𝑋𝑛
𝑖𝑖𝑑∼ 𝑁(𝜇, 𝜎2) , show that

𝑋̄ ∼ 𝑁(𝜇, 𝜎2/𝑛).
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Sum of 𝜒2
1

Let 𝑍2
1 , … , 𝑍2

𝑛 be a iid 𝜒2
1 . Find 𝑌 = ∑𝑛

𝑖=1 𝑍2
𝑖
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𝑠2
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t-distribution

Let 𝑍 ∼ 𝑁(0, 1), 𝑊 ∼ 𝜒2
𝜈 , 𝑍 ⟂ 𝑊; therefore:

𝑇 = 𝑍
√𝑊/𝜈

∼ 𝑡𝜈
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F-distribution

Let 𝑊1 ∼ 𝜒2
𝜈1

𝑊2 ∼ 𝜒2
𝜈2
, and 𝑊1 ⟂ 𝑊2 ; therefore:

𝐹 = 𝑊1/𝜈1
𝑊2/𝜈2

∼ 𝐹𝜈1,𝜈2
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Order Statistics

Order statistics are a fundamental concept in statistics
and probability, dealing with the properties of sorted
random variables. They provide insights into the
distribution and behavior of sample data, such as
minimum, maximum, and quantiles. Understanding order
statistics is crucial in various fields such as risk
management, quality control, and data analysis.
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Order Statistics

Let 𝑋1, 𝑋2, … , 𝑋𝑛 be a sample of 𝑛 independent and
identically distributed (i.i.d.) random variables with a
common probability density function 𝑓(𝑥). The order
statistics are the sorted values of this sample, denoted
as:

𝑋(1) ≤ 𝑋(2) ≤ ⋯ ≤ 𝑋(𝑛)

Here, 𝑋(1) is the minimum, and 𝑋(𝑛) is the maximum of
the sample.

19 / 25



Order Statistics

• 𝑋(𝑘) : The 𝑘-th order statistic, representing the 𝑘-th
smallest value in the sample.

• 𝑋(1), 𝑋(𝑛) : The minimum and maximum of the
sample, respectively.
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Distribution of Order Statistic

The distribution of the 𝑘-th order statistic 𝑋(𝑘) can be
derived using combinatorial arguments. Its PDF is given
by:

𝑓𝑋(𝑘)
(𝑥) = 𝑛!

(𝑘 − 1)!(𝑛 − 𝑘)!
[𝐹 (𝑥)]𝑘−1[1−𝐹(𝑥)]𝑛−𝑘𝑓(𝑥)

This formula shows how the distribution of 𝑋(𝑘)
depends on the underlying distribution of the sample
and its position 𝑘.
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Central Limit Theorem

Let 𝑋1, 𝑋2, … , 𝑋𝑛 be identical and independent
distributed random variables with 𝐸(𝑋𝑖) = 𝜇 and
𝑉 𝑎𝑟(𝑋𝑖) = 𝜎2 . We define

𝑌𝑛 =
√

𝑛 (𝑋̄ − 𝜇
𝜎

) where 𝑋̄ = 𝑥1
𝑛

𝑛
∑
𝑖=1

𝑋𝑖.

Then, the distribution of the function 𝑌𝑛 converges to a
standard normal distribution function as 𝑛 → ∞.
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Central Limit Theorem

𝑋̄ ∼ 𝑁 (𝜇, 𝜎2

𝑛
)
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Central Limit Theorem Proof
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Example

Let 𝑋1, … , 𝑋𝑛
𝑖𝑖𝑑∼ 𝜒2

𝑝 , the MGF is
𝑀(𝑡) = (1 − 2𝑡)−𝑝/2 . Find the distribution of 𝑋̄ as
𝑛 → ∞.

25 / 25


	Expectations
	Statistics
	Sampling Distributions
	Order Statistics
	Central Limit Theorem

