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Estimators

An estimator is an operation computing the value of an
estimate, that targets the parameter, using
measurements from a sample.
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Estimator Definition

Given a random sample, 𝑋 = (𝑋1, … , 𝑋𝑛)T from a
distribution 𝐹(𝜃), an estimator is defined as

̂𝜃 = ℎ(𝑋)
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Example Estimator

Given a random sample, 𝑋 = (𝑋1, … , 𝑋𝑛)T from a
distribution 𝐹(𝜃)
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Methods of Finding Estimators

• Maximum Likelihood Estimator
• Method of Moments Estimator
• Bayesian Estimtors
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Evaluating Estimators

• Mean Squared Error
• Unbiased Estimator
• Sufficiency
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Unbiased Estimator

An unbiased estimator ̂𝜃 is an estimator that satisfies the
following condition:

𝐸( ̂𝜃) = 𝜃
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Bias

The bias of an estimator is defined as

𝐵( ̂𝜃) = 𝐸( ̂𝜃) − 𝜃
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Mean Square Error

The mean square error of an estimator is ̂𝜃 is given as

𝑀𝑆𝐸( ̂𝜃) = 𝐸{( ̂𝜃 − 𝜃)2}
= 𝑉 𝑎𝑟( ̂𝜃) + 𝐵( ̂𝜃)2

9 / 18



Is 𝑋̄ an unbiased estimator of 𝜇?

Let 𝑋1, … , 𝑋𝑛
𝑖𝑖𝑑∼ 𝑁(𝜇, 𝜎2), find the bias of 𝑋̄.
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Why is 𝑆2 divided by 𝑛 − 1 instead of 𝑛?

Let 𝑋1, … , 𝑋𝑛
𝑖𝑖𝑑∼ 𝑁(𝜇, 𝜎2), find the bias of 𝑆2 .
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Problem

Let 𝑋1, 𝑋2, 𝑋3 follow and exponential distribution with
mean and variance 𝜆 and 𝜆2 , respectively. Using the
following estimators:

• ̂𝜃1 = 𝑋1

• ̂𝜃2 = 𝑋1+𝑋2
2

• ̂𝜃3 = 𝑋1+2𝑋2
3

• ̂𝜃4 = 𝑋1+𝑋2+𝑋3
3

Identify which estimator:

1. Is unbiased?
2. Has the smallest variance?
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Likelihood Function

Using the joint pdf or pmf of the sample 𝑋, the
likelihood function is a function of 𝜃, given the observed
data 𝑋 = 𝑥, defined as

𝐿(𝜃|𝑥) = 𝑓(𝑥|𝜃)

If the data is iid, then

𝑓(𝑥|𝜃) =
𝑛

∏
𝑖=1

𝑓(𝑥𝑖|𝜃)
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Log-Likelihood Function

If ln{𝐿(𝜃)} is monotone of 𝜃, then maximizing
ℓ(𝜃) = ln{𝐿(𝜃)} will yield the maximum likelihood
estimators.

14 / 18



Binomial Distribution

Let 𝑋1, … , 𝑋𝑛
𝑖𝑖𝑑∼ Bin(𝑛, 𝑝)
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Poisson Distribution

Let 𝑋1, … , 𝑋𝑛
𝑖𝑖𝑑∼ Pois(𝜆)
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Normal Distribution

Let 𝑋1, … , 𝑋𝑛
𝑖𝑖𝑑∼ 𝑁(𝜇, 𝜎2)
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Exponential Distribution

Let 𝑋1, … , 𝑋𝑛
𝑖𝑖𝑑∼ 𝐸𝑥𝑝(𝜆)
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